A "smooth" quantum hydrodynamic (QHD) model for semiconductor devices is derived by a Chapman-Enskog expansion of the Wigner-Boltzmann equation which can handle in a mathematically rigorous way the discontinuities in the classical potential energy which occur at heterojunction barriers in quantum semiconductor devices. A dispersive quantum contribution to the heat flux term in the QHD model is introduced.
INTRODUCTION
This investigation is concerned with the derivation of a quantum hydrodynamic (QHD) model in the presence of discontinuities in the classical potential energy which occur at heterojunction barriers in quantum semiconductor devices. In general, QHD models describe the motion of an ensemble of charged particles (electrons) in the mean field approximation and are of the form
Ot(mnu) + Vx [P + mnuur] + enVxV tt -+-mnu (2) t(w + mlul2n) + Vx [ 
"rw V tt V M + VB, (4) where the particle ensemble is described by its density n, its group velocity u, and its internal energy density w. (Note that w here is twice the usual internal energy density.) Equations (1)- (3) give the conservation of particles, momentum, and energy, respectively. V M is the mean field potential which is computed from Poisson's equation. We will, however, for the purposes of this paper, *Research supported in part by the National Science Foundation under grants DMS-9706792 and tCorresponding author. Tel." 602-965-0226, Fax: 602-965-0461, e-mail: gardner@asu.edu 415 416 C.L. GARDNER AND C. RINGHOFER assume V M to be given and ignore the self-consistent coupling. In the presence of interfaces between different materials, this mean field potential is calibrated by the barrier potential V e which models the gap between the conduction bands of each material. Thus V e is a given function which is constant inside each material. The constants rn and e denote the effective mass and the charge of the electron. Boltzmann's constant k has been set to 1. -p and 7w denote the relaxation times for momentum and energy, and To is the ambient temperature.
In order to close the hydrodynamic system the remaining variables (the stress tensor P and the heat flux q) have to be expressed in terms of the primary variables n, u, w and V. For the classical hydrodynamic system this closure is obtained through the Maxwellian assumption [1] , giving q= 0 and P= (w/3)I. In the quantum case the first two conservation laws (1) and (2) can be derived directly from a nonlinear Schr6dinger equation. In this case one obtains an explicit formula for the internal energy density w in terms of n, depending on the form of interaction potential used in the Hamiltonian of the Schr6dinger equation [2] . Alternatively -+--'P) g tOt hp)]F + Q(F) O, using a more or less phenomenological collision operator Q, and derive the system directly by computing the moments of the Wigner (distribution) function F(x, p, t). Closure (expressions for P and q in terms of n, u, and w) is then obtained by using an appropriately parametrized thermal equilibrium distribution function. We introduce the notation M(F) f Fdp, M) (F) / pjFdp, Mk(F f p:pFdp, (6) M (F) f pjlpl2Fdp, Mk(F f pplplZFdp, (7) trM2(F) /Ipl2Fdp' trM4(F) / [p[4Fdp' (8) for the moments of a function F with respect to the momentum vector p. ( here is that the momentum relaxation time -p is much smaller than the energy relaxation time w.
The expansion will use the small dimensionless parameter "r='rp/'rw. Furthermore we consider the Wigner-Boltzmann equation in a moderately high field regime, meaning that differences in the mean field potential V a dominate differences in the barrier potential Ve, but that collisions are still the strongest mechanism in Eq. (5) . 
Neglecting O(h4) and O(ph2) terms, the stress tensor P and the heat flux q are then given in terms of the temperature as P nT6jk + hZ(PQl'+ pQ2'), 5 (24)
This QHD system is novel in several respects.
First, note that the heat flux q contains in addition to the expected heat conduction term of the form nT7xT a dispersive quantum correction depending on the second derivative of the velocity (derived originally in Ref. [4] in a very different way). Second, note that the first quantum correction pQl' of the stress tensor in Eq. (18) reduces up to a constant factor to the term given by the Bohm potential [2] if the temperature is held constant.
One result of the Chapman-Enskog expansion of the equilibrium distribution function is the temperature dependence of this potential. The second term pQ2' is essentially the smoothed potential approximation derived in Refs. [5] and [6] . However, while the approximations there (closure of the system by means of a momentum displaced equilibrium distribution function) led to a hyperbolic transport system with a parabolic heat flux term, the new closure, which is based on an asymptotic analysis of the transient problem, leads to a dispersive heat flux term. Below in Section 2 we derive the approximation of the Wigner-Boltzmann equation for a general BGK operator, for which we only use the moment balance corresponding to the given relaxation time. This determines the QHD equations up to the form of the quantum corrections in the stress tensor. In Section 3 we derive expressions for pQa and pQ2 from the Bloch equation.
THE CHAPMAN-ENSKOG EXPANSION OF THE WIGNER-BOLTZMANN EQUATION
In this section we will derive the closure conditions for the quantum hydrodynamic model (i.e., the expressions for the stress tensor P and the heat flux q) from a Chapman-Enskog type expansion of the Wigner-Boltzmann equation. As a collision term we will assume a BGK type operator that relaxes the solution against an equilibrium distribution function 9t which is parametrized by its moments Mf and trM29t. The shape of the closure terms P and q in Eqs. (2) and (3) [7] [8] [9] . Unfortunately, none of them leads to a form which is computationally tractable and, at the same time, is usable in the context of fluid approximations. We will therefore employ a phenomenological collision operator which uses only a minimal amount of information about the actual underlying physical processes. This information consists of the integral invariants, or more precisely, of the balance equations for the moments of the collision operator describing how it affects the balance of particle number, momentum, and energy. We assume that this balance is given by the relaxation terms in Eqs. (1)-(3) and the collision operator of choice is a BGK operator. Thus we consider the Wigner-Boltzmann equation
where the collision operator Q is given by
with "), the relaxation time and f(, p) the desired equilibrium distribution function parametrized by its zero and second order moments: n(p)gt(,p)ap , n (1, (30) [p12).
We will in general assume that the equilibrium distribution function f is an even function of each component of the momentum vector p, implying that all the odd moments of f vanish and that equilibrium corresponds to a state of zero flux. Computing the moments of the BGK collision operator Q using Eq. (30) gives 
and match the moments of the collision operator with the collision terms in the QHD equations (1) (3) we obtain We start by bringing the Wigner-Boltzmann equation (28) into an appropriately scaled and dimensionless form. We scale the spatial variable x by the spatial scale L of the system under consideration (i.e., the device length or the size of the simulation domain), and the momentum vector p by the scale given by the classical thermal equilibrium Maxwell distribution p x/--. We con- 
In the same way, we scale the equilibrium distribution function ft by f(,p) (x/--m-L)-,(s,ps), CO 2 m To Lco s2 COl L-coSl (42) implying that the scaled equilibrium distribution function fts is also described by its moments. The (47)
Note that the collision operator Q depends explicitly on the parameter 7" since the parameter co does. We will consider the following situation: The barrier height (and the resulting energy scale) is commensurate with the energy relaxation time 7"w. Thus A and C are O(1). We will also assume that momentum relaxation happens much faster than energy relaxation: 7"p << 7"w, 7" << 1. Moreover, we will assume that the dynamics induced by the external potential V M is somewhat larger than the influence of the barriers: << 1. This is a relatively weak effect compared to the dominance of the collisions, and we will assume 7" << . Henceforth we will drop the subscript s for the scaled variables.
We will now express the shifted Wigner function F in terms of the moments of F via a Chapman-Enskog type of expansion. The result of this procedure is the following PROPOSITION If we define the first moments of F(x, p+ u, t), then F' is given asymptotically in terms of n, u, and its second moment w trMZF as (48) with the operator A given by
We will delay the proof of Proposition 1, the actual expansion procedure, to the end of this section, and will first compute the resulting closure conditions for the QHD equations. To this end, we first need to compute the moments of the operator 
Since the closure now contains additional derivatives in the spatial direction, i.e., diffusive terms, one immediate question is whether these terms have the right sign for a well posed problem. The answer to this question will of course depend on the form of the equilibrium distribution function f used in the BGK collision operator. We simplify the expression for the heat flux by splitting 9t into its classical and quantum components. Whatever approximation we use, we can assume that 9t will reduce to a classical Maxwellian in the classical limit h 0. The classical Maxwellian, parametrized by its moments, is of the form 3n) 
The closure is now completely determined by the quantum part of the second moment matrix.
Proof of Proposition 1 Before we start the expansion procedure, we will perform a transformation of the Wigner-Boltzmann equation which will simplify the algebra. We will split the Wigner function F into its even and odd parts with respect to p, noting that the equilibrium distribution function f is by assumption an even function of p, and that the field operator O maps even functions of p into odd functions and vice versa. A closer inspection of Eq. (43) indicates that the odd part of F will be small, namely O(-/e). We therefore set 7" F=f +-g,
Furthermore, we will write the symbol of the pseudo-differential operator O as a function of the electric field rather than as a function of the potential. We use the identity 
where we have written J1 in divergence form since the barrier potential V B is a discontinuous function. This shows that in order for this expansion procedure to make sense, the equilibrium distribution function 9t has to be of a form such that the term inside the divergence in Eq. (83) remains continuous. We assume for the moment that this is the case. We then have to compute the next term in the expansion of the shape function :
(Mf M g, trM2f p, 7 
Thus, in summary, we have expanded the Wigner function in terms of its moments as V is the piecewise constant barrier potential and U is a potential which scales the amplitude of the equilibrium distribution function f. We denote the spatial scales and amplitudes of these potentials by Lv, L, U, and VB, and define the correspondingly scaled potentials by 
We defer the proof of Proposition 2 to the end of this section. For the Chapman-Enskog expansion of the Wigner-Boltzmann equation in Section 2 we will need all the second order moments of this asymptotic solution of the Bloch equation expressed in terms of the moment vector o3; i.e., we will need the full matrix M2f consisting of the integrals fpjPkfdp, j, k= 1,2, 3 in order to close the system. Since we have used a slightly different scaling of the equilibrium Wigner function f to derive the asymptotic expression (109), we will reverse this scaling before we compute the stress tensor. In unscaled variables the approximation (109) is given by 2iv/mw/3n (128) Thus, using the expressions in Eq. (126) for the stress tensor PQ= pQ1 nt pQ2 in Eq. (61), the quantum hydrodynamic system is closed and a solution can be computed in terms of the primary variables n, u, and w. From a physical standpoint it is desirable to express the internal energy density w in terms of a temperature T. Mathematically, this just corresponds to a simple change of variables once a relation between w and T (an equation of state) is defined. The form of this equation of state, i.e., the definition of temperature, is a question of physical modeling which cannot be answered self-consistently in the context of a moment expansion. We can however use the same Chapman-Enskog expansion used in the derivation of Eqs. (126)-(128) to define temperature in terms of the "quantum Maxwellian" , by relating w to the quantity/3 in the Bloch equation and setting = lIT. This is somewhat questionable, since inherently in the definition of e-n/-/, /3 has to be a constant. One has to argue that the constant/3 is replaced by a slowly varying function, which allows for the definition of a local Maxwellian without which the definition of a temperature in the sense of fluid dynamics would not be possible. In scaled variables the equation of state is then given by the following PROPOSITION 3 In the regime considered in this section the secondmoment co2 TrM2ft is given asymptotically in terms of the zero order moment 
where oo(0, ,) is, because of Eq. (141), given by On this spatial scale "1 will exhibit rapid variation near x 0 because of the dependence of V B on x/A in Eq. (163). It is therefore necessary to rescale x and write the first order term as 9t1 fl(X/A,p, ).
Written in the rescaled spatial variable y x/A, Eqs. where the dependence of f on the barrier potential V is of a functional form involving the pseudodifferential operators S, 10, and 11 defined in Eqs. 
